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THE (S, {2})-IWASAWA THEORY
SU HU AND MIN-SOO KIM
Abstract. Iwasawa made the fundamental discovery that there is a
close connection between the ideal class groups of Zp-extensions of cy-
clotomic fields and the p-adic analogue of Riemann’s zeta functions
ζ(s) =
∞∑
n=1
1
ns
.
In this paper, we show that there may also exist a parallel Iwasawa’s
theory corresponding to the p-adic analogue of Euler’s deformation of
zeta functions
φ(s) =
∞∑
n=1
(−1)n−1
ns
.
1. Introduction
Throughout this paper we shall use the following notations.
C − the field of complex numbers.
p − an odd rational prime number.
Zp − the ring of p-adic integers.
Qp − the field of fractions of Zp.
Cp − the completion of a fixed algebraic closure Qp of Qp.
Before Kubota, Leopoldt and Iwasawa, all the zeta functions are consid-
ered in the complex field C.
For Re(s) > 1, the Riemann zeta function is defined by
(1.1) ζ(s) =
∞∑
n=1
1
ns
.
This function can be analytically continued to a meromorphic function in
the complex plane with a simple pole at s = 1.
For Re(s) > 0, the alternative series (also called the Dirichlet eta function
or Euler zeta function) is defined by
(1.2) φ(s) =
∞∑
n=1
(−1)n−1
ns
.
This function can be analytically continued to the complex plane without
any pole.
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For Re(s) > 1, (1.1) and (1.2) are connected by the following equation
(1.3) φ(s) = (1− 21−s)ζ(s).
According to Weil’s history [37, p. 273–276] (also see a survey by Goss [6,
Section 2]), Euler used (1.2) to investigate (1.1). In particular, he conjec-
tured (“proved”)
(1.4)
φ(1− s)
φ(s)
= −
Γ(s)(2s − 1)cos(πs/2)
(2s − 1)πs
,
this leads to the functional equation of ζ(s).
For 0 < x ≤ 1, Re(s) > 1, in 1882, Hurwitz [8] defined the partial zeta
functions
(1.5) ζ(s, x) =
∞∑
n=0
1
(n+ x)s
which generalized (1.1). As (1.1), this function can also be analytically con-
tinued to a meromorphic function in the complex plane with a simple pole
at s = 1.
For 0 < x ≤ 1, Re(s) > 0, Lerch [22] generalized (1.2) to define the so-
called Lerch zeta functions. The following (we call it “Hurwitz-type Euler
zeta function”) is a special case of Lerch’s definition
(1.6) ζE(s, x) = 2
∞∑
n=0
(−1)n
(n+ x)s
.
As (1.2), this function can be analytically continued to the complex plane
without any pole.
Now we go on our story in the p-adic complex plane Cp.
In 1964, Kubota and Leopoldt [11] first defined the p-adic analogue of
(1.1). In fact, they defined the p-adic zeta functions by interpolating the
special values of (1.1) at nonpositive integers.
In 1975, Katz [12, Section 1] defined the p-adic analogue of (1.2) by
interpolating the special values of (1.2) at nonpositive integers.
In 1976, Washington [35] defined the p-adic analogue of (1.5) for x ∈
Qp \Zp, so called Hurwizt-Washinton functions (see Lang [21, p. 391]). This
definition has been generalized to Cp by Cohen in his book [2, Chapter 11],
and Tangedal-Young in [30]. Both Cohen, Tangedal-Young’s definitions are
based on the following p-adic representation of Bernoulli poynomials by the
Volkenborn integral
(1.7)
∫
Zp
(x+ a)nda = Bn(x),
where the Bernoulli polynomials are defined by the following generating
function
(1.8)
text
et − 1
=
∞∑
n=0
Bn(x)
tn
n!
,
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and the Volkenborn integral of any strictly differentiable function f on Zp
is defined by
(1.9)
∫
Zp
f(x)dx = lim
N→∞
1
pN
pN−1∑
x=0
f(x)
(see [25, p. 264]). This integral was introduced by Volkenborn [33] and he
also investigated many important properties of p-adic valued functions de-
fined on the p-adic domain (see [33, 34]).
The Euler polynomials are defined by the following generating function
(1.10)
2ext
et + 1
=
∞∑
n=0
En(x)
tn
n!
(see [28, 18]). They are the special values of (1.6) at nonpositive integers
(see Choi-Srivastava [3, p. 520, Corollary 3] and T. Kim [14, p. 4, (1.22)])
and can be representative by the fermionic p-adic integral as follows
(1.11)
∫
Zp
(x+ a)ndµ−1(a) = En(x)
(see [19, p. 2980, (2.6)]), where the fermionic p-adic integral I−1(f) on Zp
is defined by
(1.12) I−1(f) =
∫
Zp
f(a)dµ−1(a) = lim
N→∞
pN−1∑
a=0
f(a)(−1)a
(see [19, p. 2978, (1.3)]).
The above representation (1.11) and the fermionic p-adic integral (1.12)
(in our natation, the µ−1 measure) were independently founded by Katz [12,
p. 486] (in Katz’s notation, the µ(2)-measure), Shiratani and Yamamoto [27],
Osipov [24], Lang [21] (in Lang’s notation, the E1,2-measure), T. Kim [13]
from very different viewpoints.
Following Cohen [2, Chapter 11] and Tangedal-Young [30], using the
fermionic p-adic integral instead of the Volkenborn integral, we [19] defined
ζp,E(s, x), the p-adic analogue of (1.6), which interpolates (1.6) at nonposi-
tive integers ([19, Theorem 3.8(2)]), so called the p-adic Hurwitz-type Euler
zeta functions. We also proved many fundamental results for the p-adic
Hurwitz type Euler zeta functions, including the convergent Laurent series
expansion, the distribution formula, the functional equation, the reflection
formula, the derivative formula and the p-adic Raabe formula. Using these
zeta function as building blocks, we have given a definition for the corre-
sponding L-functions Lp,E(χ, s), so called p-adic Euler L-functions (in fact,
this L-function has already founded by Katz in [12, p. 483] using Kubota-
Leopoldt’s methords on the interpolation of L-functions at special values).
The Hurwitz-type Euler zeta functions interpolate Euler polynomials p-
adically ([19, Theorem 3.8(2)]), while the p-adic Euler L-functions interpo-
late the generalized Euler numbers p-adically ([19, Proposition 5.9(2)]).
In a subsequent work [20], using the fermionic p-adic integral, we defined
the corresponding p-adic Diamond Log Gamma functions. We call them the
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p-adic Diamond-Euler Log Gamma functions. They share most properties
of the original p-adic Diamond Log Gamma functions as stated in Lang’s
book (see [21, p. 395–396, Gp 1-5 and Theorem 4.5)]. Furthermore, using
the p-adic Hurwitz-type Euler zeta functions, we found that the derivative
of the p-adic Hurwitz-type Euler zeta functions ζp,E(χ, s) at s = 0 may be
represented by the p-adic Diamond-Euler Log Gamma functions. This led
us to connect the p-adic Hurwitz-type Euler zeta functions to the (S, {2})-
version of the abelian rank one Stark conjecture (see [20, Chapter 6]).
It has been pointed out that some properties for the q-analogue of p-
adic Euler zeta and L-functions have also been obtained by T. Kim (see
[13, 15, 16]).
The p-adic zeta (L-) functions become central themes in algebraic num-
ber theory after Iwasawa’s work. In [9], Iwasawa made the fundamental
discovery that there is a close connection between his work on the ideal
class groups of Zp-extensions of cyclotomic fields and the p-adic analogue
of L-functions by Kubota-Leopoldt corresponding to (1.1).
Let Q(µpn+1) denote the p
n+1-th cyclotomic field. In fact, Iwasawa [10]
and Ferrero-Washington [5] proved the following result.
Theorem 1.1 (See Lang [21, p. 260]). Let hn be the class number of
Q(µpn+1). There exist constants λ and c such that
(1.13) ordph
−
n = λn+ c.
for all sufficient large n.
Let K be a number field, and choose a finite set S of places K containing
all the archimedean places. Let T be a finite set of places of K disjoint from
S. The (S, T )-class groups of global fields have been studied in detail by
Rubin [26], Tate [29], Gross [7], Darmon [4], Vallieres [31, 32] (we shall
recall some notations on the (S, T )-refined class groups of global fields in
the next section). Let K = Q(µpn+1) and K
+ = Q(µpn+1)
+ be the pn+1-th
cyclotomic field and its maximal real subfield, respectively. Let S be the set
of infinite places of K, T be the set of places above 2, hn,2 and h
+
n,2 be the
(S, T )-refined class numbers of K and K+ respectively (the definition will
be given in the next section), and h−n,2 = hn,2/h
+
n,2.
Using the p-adic analogue of L-functions corresponding to Euler’s defor-
mation of zeta functions (1.2), We shall prove the following result (compar-
ing with Theorem 1.1).
Theorem 1.2 ((S, {2})-Iwasawa theory). There exist constants m, λ and
c such that
(1.14) ordph
−
n,2 = mp
n + λn + c
for all sufficient large n.
Our paper is organized as follows.
In Section 2, we shall recall some notations and results on the (S, T )-
refined class groups of global fields. In Section 3, from the Euler product
decompositions of the (S, T )-Dedekind zeta functions, we shall express h−n,2
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as the product of generalized Euler numbers. In section 4, we shall prove
Theorem 1.2.
2. (S, T )-refined class number formula ([7, Section 1])
In this section, we shall recall some notations and results on the (S, T )-
refined class groups of global fields following very closely the expositions of
Gross in [7, Section 1] and Aoki in [1, Section 7].
Let k be a global field. Let S be a finite set of places of k which is
nonempty and contains all archimedean places. Let T be a finite set of
places of k which is disjoint from S. Let A be the ring of S-integers and
let US = A
∗ be the group of S-units. Let Jk be the ide`le group of k. If p
is a place of k, then we denote by kp and Ap the completion of k and A
at p respectively, we also denote by Fp the residue field of p. We define the
(S, T )− ide`le group JS,T to be the subgroup
JS,T =
∏
p∈S
k∗p ×
∏
p∈T
A∗p,1 ×
∏
p6∈S∪T
A∗p
of Jk, where for p ∈ T we put A
∗
p,1 = {u ∈ A
∗
p
| u ≡ 1 (mod p)}. Define the
(S, T )-unit group of k by
US,T = {u ∈ US | u ≡ 1 (mod p) for all p ∈ T}.
Clearly we have
US,T = k
∗ ∩ JS,T .
The (S, T )-ide`le class group is defined to be the quotient group
CS,T = JS,T/US,T .
Let Ck = Jk/k
∗ be the ide`le class group of k. The (S, T )- ideal class group
Pic(A)S,T of k is defined by
Pic(A)S,T = Ck/CS,T .
Denote by Pic(A)S = Pic(A)S,∅. The class group Pic(A)S is finite of order
h, and the unit group US is finitely generated of rank n = #S − 1. The
torsion subgroup of US is equal to the group of roots of unity µ in k; it is
cyclic of order w.
Let Y be the free abelian group generated by the places v ∈ S and
X = {
∑
av · v :
∑
av = 0} the subgroup of elements of degree zero in Y .
The S-regulator R is defined as the absolute value of the determinant of the
map
(2.1)
λ : US → R⊗X
ǫ 7→
∑
S
log ‖ǫ‖v · v,
taken with respect to Z-bases of the free abelian groups US/µS and X .
The zeta function of A is given by
(2.2) ζS(s) =
∏
p6∈S
1
1−Np−s
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in the half plane Re(s) > 1. It has a meromorphic continuation to the s-
plane, with a simple pole at s = 1 and no other singularities. At s = 0 the
Taylor expansion begins:
(2.3) ζS(s) ≡
−hR
w
· sn (mod sn+1)
(see [7, p. 178, (1.3)]).
Let T be a finite set of places of k which is disjoint from S, and define
(2.4) ζS,T (s) =
∏
p∈T
(1−Np1−s) · ζS(s),
we shall call it the (S, T )-refined zeta function of k throughout this paper.
From the discussions of Aoki in [1, p. 471–472], we have an exact sequence
(2.5) 1→ US,T → US →
∏
p∈T
F∗p → Pic(A)S,T → Pic(A)S → 1.
Let hS,T be the order of Pic(A)S,T (we call it the (S, T )-refined class number
throughout this paper), RS,T be the determinant of λ with respect to basis
of US,T/µS,T and X , and wS,T be the order of roots of unity µS,T which are
≡ 1 (mod T ), we have the following (S, T )-refined class number formula due
to Gross
(2.6) ζS,T (s) ≡
−hS,TRS,T
wS,T
· sn (mod sn+1)
(see [7, p. 179, (1.6)]).
3. Refined class number and the generalized Euler numbers
Let K = Q(µpn+1) and K
+ = Q(µpn+1)
+ be the pn+1-th cyclotomic
field and its maximal real subfield, respectively. Let S be the set of in-
finite places of K, T be set of the places above 2, hn,2, h
+
n,2, Un,2, U
+
n,2,
µn,2, µ
+
n,2, wn,2, w
+
n,2, Rn,2, R
+
n,2 denote all the quantities or objects of K and
K+ which are refined by T as in the above Section. Let ζK,2(s) be the
(S, T )-zeta function of K (see (2.4)), and
(3.1) LE(s, χ) = 2
∞∑
n=1
(−1)nχ(n)
ns
, Re(s) > 0
be the Dirichlet L-function corresponding to (1.2) (we call them the Eu-
ler L-functions throughout this paper). This function has close connection
with the generalized Euler numbers and it can be continued to the entire
complex plane. In [19, Scetion 5.3], using formal power series expansions,
we recalled the definition and some results on generalized Euler numbers.
The Propositions 5.2 and 5.3 of [19] correspond to properties (4) and (5)
of the generalized Bernoulli numbers in Iwasawa’s book [10, p. 10–11] (for
details we also refer to [17, Sections 1 and 2]). Proposition 3.3 below shows
that the special values of Euler L-functions at non-positive integers are the
generalized Euler numbers. This is similar with a result in Iwasawa’s book
[10, p. 11, Theorem 1] which shows that the special values of Dirichlet L-
functions at non-positive integers are the generalized Bernoulli numbers.
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We have the following decomposition of (S, {2})-refined Dedekind zeta
functions as the Euler L-functions (comparing with the last formula on [21,
p. 75]).
Proposition 3.1.
(3.2) ζS,2(s) =
∏
χ
1
2
LE(s, χ),
where the product is taken over all the primitive characters induced by the
characters of Gal(K/Q).
Proof. From the last formula on [21, p. 75], we have
(3.3) ζK(s) =
∏
χ
L(s, χ).
By (2.4), we have
(3.4) ζS,2(s) =
∏
p∈T
(1−Np1−s) · ζK(s).
For any Dirichlet character χ of Gal(K/Q),
(3.5) L(s, χ) =
∏(
1−
χ(q)
qs
)−1
=
∞∑
n=1
χ(n)
ns
,
where the product is taken over all primes q such that (q, p) = 1 ([21, p. 76]).
Let
(2) = (p1 · · ·pr)
e, Np = 2f
be the decomposition of 2 in prime ideals in K. Then
efr = [K : Q].
By the following identity in [21, p. 76]:
(1− tf)r =
∏
χ
(1− χ(p)t),
we have
(3.6)
∏
p∈T
(1−Np1−s) = (1− 2(1−s)f )r
=
∏
χ
(1− χ(2)21−s).
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Combine (3.4), (3.5) and (3.6), we have
(3.7)
ζS,2(s) =
∏
p∈T
(1−Np1−s) · ζK(s)
=
∏
χ
[
(1− χ(2)21−s)L(s, χ)
]
=
∏
χ
(
∞∑
n=1
χ(n)
ns
− 2
∞∑
n=1
χ(2n)
(2n)s
)
=
∏
χ
∞∑
n=1
(−1)n−1χ(n)
ns
= (−1)ϕ(p
n+1)
∏
χ
1
2
· 2
∞∑
n=1
(−1)nχ(n)
ns
=
∏
χ
1
2
LE(s, χ).
This completes the proof of our assertion. 
For the (S, {2})-refined zeta function of K+, we have the following de-
composition.
Proposition 3.2.
(3.8) ζK+,2(s) = (−1)
ϕ(pn+1)
2
∏
χ even
1
2
LE(s, χ).
The following result shows that the special values of Euler L-functions
at non-positive integers are the generalized Euler numbers. It is well-known,
but may be not easy to find a reference. So we add a proof for the com-
pleteness.
Proposition 3.3. For any integers n ≥ 0 we have LE(−n, χ) = En,χ. In
particular, LE(0, χ) = E0,χ.
Proof. Consider the following generating function
(3.9) F (t, x) =
2ext
et + 1
.
Expand F (t, x) into a power series of t :
(3.10) F (t, x) =
∞∑
n=0
En(x)
tn
n!
.
Recall that the coefficients En(x), n ≥ 0, are called Euler polynomials (see
(1.10) above). For a primitive Dirichlet character χ with an odd conductor
f = fχ, the formal power series Fχ(t) are defined by
(3.11) Fχ(t) = 2
f∑
a=1
(−1)aχ(a)eat
eft + 1
, |t| < π/f.
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The generalized Euler numbers En,χ which belong to the Dirichlet character
χ are defined by
(3.12) Fχ(t) =
∞∑
n=0
En,χ
tn
n!
.
Let Q(χ) denote the field generated over Q by all the values χ(a), a ∈ Z.
Then it can be shown that En,χ ∈ Q(χ) for each n ≥ 0. From (3.11), we
obtain the following generating function of En,χ by working formally with
power series:
(3.13)
Fχ(t) = 2
f∑
a=1
(−1)aχ(a)
∞∑
j=0
(−1)je(a+fj)t
= 2
∞∑
j=0
f∑
a=1
(−1)a+fjχ(a+ fj)e(a+fj)t
(by using f is an odd conductor of χ)
= 2
∞∑
l=1
(−1)lχ(l)elt
= 2
∞∑
l=1
(−1)lχ(l)
∞∑
n=0
ln
tn
n!
=
∞∑
n=0
(
2
∞∑
l=1
(−1)lχ(l)ln
)
tn
n!
.
Comparing coefficients of tn/n! on both sides of (3.12) and (3.13), we have
(3.14) En,χ = 2
∞∑
l=1
(−1)lχ(l)ln
(also see [13, Theorem 7]). From (3.9), (3.10) and (3.11), we also have
(3.15)
Fχ(t) =
f∑
a=1
(−1)aχ(a)
2eat
eft + 1
=
f∑
a=1
(−1)aχ(a)F
(
ft,
a
f
)
=
f∑
a=1
(−1)aχ(a)
∞∑
n=0
En
(
a
f
)
(ft)n
n!
=
∞∑
n=0
(
fn
f∑
a=1
(−1)aχ(a)En
(
a
f
))
tn
n!
.
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Thus, comparing (3.12) with (3.15), we have
(3.16) En,χ = f
n
f∑
a=1
(−1)aχ(a)En
(
a
f
)
.
In particular, E0,χ =
∑f
a=1(−1)
aχ(a) for all χ. Let χ be a primitive Dirich-
let character with an odd conductor f. Recall that the Euler L-function
attached to χ is defined by
(3.17) LE(s, χ) = 2
∞∑
n=1
(−1)nχ(n)
ns
,
where s ∈ C with Re(s) > 0 (see (3.1) above). The Euler L-function at-
tached to χ can be continued to the entire complex plane. From (3.13) and
(3.17) we can deduce the formula
(3.18) 2
∞∑
n=1
(−1)nχ(n)e−nt =
∞∑
j=0
LE(−j, χ)
(−t)j
j!
by considering the vertical line integral 1
2pii
∫ 2+i∞
2−i∞
t−sΓ(s)LE(s, χ)ds and
moving the path integration to Re(s) = −∞.
Indeed (see [23, p. 149, line 10–18]), recall that Γ(s) has simple poles
at s = −j with j non-negative integer and the residue of Γ(s) at s = −j
is (−1)j/j!. Using this, as well as the calculus of residues, one derives the
familiar formula
(3.19) e−t =
1
2πi
∫ 2+i∞
2−i∞
t−sΓ(s)ds.
Thus, if
(3.20) F (s) =
∞∑
n=1
an
ns
is a Dirichlet series convergent in Re(s) > 1, then we have
(3.21)
∞∑
n=1
ane
−nt =
1
2πi
∫ 2+i∞
2−i∞
t−sΓ(s)F (s)ds.
By setting F (s) = LE(s, χ) in (3.21), we have
(3.22) 2
∞∑
n=1
(−1)nχ(n)e−nt =
1
2πi
∫ 2+i∞
2−i∞
t−sΓ(s)LE(s, χ)ds.
Moving the line of integration to the left, and picking up the contribution
from the poles of Γ(s), we conclude that the right hand side of the above
equation is
(3.23)
∞∑
j=0
(−1)jLE(−j, χ)t
j
j!
(also see [23, (3.11)]). Thus we get (3.18).
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Otherwise, the left hand side of (3.18) can be simplified as follows:
(3.24)
2
∞∑
n=1
(−1)nχ(n)e−nt = 2
f∑
a=1
∞∑
j=0
(−1)a+fjχ(a+ fj)e−(a+fj)t
(we write n = fj + a, where 1 ≤ a ≤ f and j = 0, 1, . . .)
= 2
f∑
a=1
(−1)aχ(a)e−at
∞∑
j=0
(−1)je−fjt
(since f is odd)
=
f∑
a=1
(−1)aχ(a)
2e(1−a/f)(ft)
eft + 1
=
f∑
a=1
(−1)aχ(a)F (ft, (1− a/f))
(by (3.9))
=
∞∑
j=0
(
f j
f∑
a=1
(−1)aχ(a)Ej
(
1−
a
f
))
tj
j!
(by (3.10)).
Comparing (3.18) with (3.24), we have
(3.25) LE(−j, χ) = f
j
f∑
a=1
(−1)a+jχ(a)Ej
(
1−
a
f
)
for j ≥ 0.
Thus by (3.25) and the identity Ej(1− a/f) = (−1)
jEj(a/f), we have
(3.26) LE(−j, χ) = f
j
f∑
a=1
(−1)aχ(a)Ej
(
a
f
)
.
Finally, by (3.16), we can rewrite (3.26) as
LE(−n, χ) = En,χ
for n ≥ 0. In particular, we have LE(0, χ) = E0,χ. 
By Propositions 3.2 and 3.3, we can represent h−n,2 by the product of
generalized Euler numbers as follows (comparing with [21, Theorem 3.2]).
Proposition 3.4.
(3.27) h−n,2 = (−1)
ϕ(pn+1)
2 21−ϕ(p
n+1)
∏
χ odd
E0,χ,
where E0,χ are the generalized Euler numbers ([19, Section 5.1]).
Remark 3.5. From this, we also see that E0,χ 6= 0, when χ is an odd
character. In fact, E0,χ 6= 0 if and only if χ is an odd character by [19,
Proposition 5.1], this phenomenon is different from the generalized Bernoulli
12 SU HU AND MIN-SOO KIM
number B0,χ, since B0,χ=0, for χ 6= χ0, but corresponds to B1,χ, for details,
we refer to [10, p. 13, ii)].
Proof. By the exact sequence (2.5) above and h+n | hn, we know that h
+
n,2 |
hn,2.
By Propositions 3.1 and 3.2, we have
(3.28)
ζS,2(s)
ζK+,2(s)
= (−1)
ϕ(pn+1)
2
∏
χ odd
1
2
LE(s, χ).
From the (S, T )-refined class number formula (2.6) and (3.28), we have
(3.29)
hn,2Rn,2
wn,2
/
h+n,2R
+
n,2
w+n,2
= lim
s→0
ζS,2(s)
ζK+,2(s)
= (−1)
ϕ(pn+1)
2
∏
χ odd
1
2
LE(0, χ).
By Corollary 4.13 and Lemma 4.15 of [36], we have Rn,2/R
+
n,2 = 2
ϕ(pn+1)
2
−1. It
also easy to see µn,2 = µ
+
n,2 = 〈−1〉. By Proposition 3.3, we have LE(0, χ) =
E0,χ. Thus by (3.29), we have
hn,2
h+n,2
= (−1)
ϕ(pn+1)
2 21−ϕ(p
n+1)
∏
χ odd
E0,χ.
This implies our result. 
4. Proof of the main result
Let χ be a Dirichlet character modulo pv for some v. For any a ∈ Zp, we
set χ(a) := χ(a mod pv), then χ becomes a Dirichlet character on Zp .
Suppose that the conductor of χ equals to pn and ζ is a primitive pnth
root of unity. As in Lang [21, p. 248], for any p-adic measure µ on Zp, let
B(χ, µ) =
∫
Zp
χ(x)dµ(x) = f(ζ − 1),
where f is the power series associated with µ. Let o be the ring of p-adic
integers in Cp. Suppose that there exists a rational number m such that the
power series f can be written in the form
f(X) = pm(c0 + c1X + · · ·+ cλ−1X
λ−1 + cλX
λ + · · · )
where cλ is a unit in o, and c0, . . . , cλ−1 ∈ m, the maximal ideal of o. We
call m, λ the Iwasawa invariants of µ, or f. Denote by
x ∼ y
if x, y have the same order at p.
Lemma 4.1 (See Lang [21, p. 248, Corollary 2]). There exists a positive
integer n0 such that if n ≥ n0 and Cond χ = p
n, then
B(χ, µ) ∼ pm(ζ − 1)λ,
where ζ is a primitive pnth root of unity.
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Lemma 4.2 (See Lang [21, p. 249, Corollary 3]). For some constant c, we
have
ordp
∏
Cond χ=pt
n0≤t≤n
B(χ, µ) = mpn + λn + c.
For n ≥ 0, En,χ be the generalized Euler numbers which was defined in
[19, Section 5.1] and (3.12). By [19, Proposition 5.4(2)], we have
E0,χ = B(χ, µ−1) =
∫
Zp
χ(x)dµ−1(x).
From the above lemmas, we have the following results.
Proposition 4.3. There exists a positive integer n0 such that if n ≥ n0 and
Cond χ = pn, then
E0,χ ∼ p
m(ζ − 1)λ,
where ζ is a primitive pnth root of unity.
Proposition 4.4. For some constant c, we have
ordp
∏
Cond χ=pt
n0≤t≤n
E0,χ = mp
n + λn+ c.
Remark 4.5. The following observation is pointed out by the referee. We
have the exact sequence
1→ US,T → US →
∏
p|2
F∗
p
→ Pic(A)S,T → Pic(A)S → 1.
The p-part of Pic(A)S grows like λn+ v for integers λ, v. And the p-part of∏
p|2 F
∗
p grows like the p-part of (2
f −1)r where f is the residue above 2 and
r is the splitting. Since fr = n and p > 2, it seems like this implies m = 0.
This is a little unsatisfactory since we’re strongly using the smallness of 2.
Finally, by Propositions 3.4 and 4.4, we obtain Theorem 1.2.
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